Abstract-This paper addresses the energy efficiency analysis of the relay channel under additive white Gaussian noise. We consider the rate bounds given by decode and forward and the cut set bound and assume that resources are optimally allocated to maximize the spectral efficiency according to the channel information and the sum network energy. The low energy analysis tools are used to compute the maximum rate per energy (RPE) and the slope of the spectral efficiency as a function of the energy per bit. Using these metrics, the energy efficiency benefit of several capabilities at terminals is investigated. Specifically, we take into account: i) the phase synchronization between transmitters, ii) the full duplex capability at the relay and iii) the channel access via superposition.
I. INTRODUCTION

I
N wireless networks, user cooperation has shown to increase data rates and to provide energy savings [1] . However, these benefits are at the cost of more complex terminals with additional capabilities, such as (see Table I ): the i) phase synchronization between transmitters, that allows terminals to transmit signals that add coherently at the destination; ii) the full duplex (FD) mode at the relay, that allows the relay to receive and transmit simultaneously in the same band; and iii) the channel access via superposition, that jointly with a receiver able to cope with inter-user interference, allows simultaneous transmissions. If FD operation is not possible, the relay works in half duplex (HD) mode and the transmission and reception channels are orthogonal, e.g. time-division. Likewise, if superposition channel access is not possible, then the channels access is orthogonal (OT).
In this letter, we explore the benefits associated with these capabilities by studying the energy efficient regime of the relay channel (RC), where a source communicates to a destination assisted by a dedicated relay. We study the spectral efficiency R
as a function of the transmitted energy per information bit relative to the noise spectral level 0 . In the low power regime there are two metrics of special interest [2] : the maximum rate per energy (RPE) denoted as or, equivalently, the minimum energy per bit 
. In [2] - [4] these metrics are used to study the energy efficiency of different communication schemes.
Related Work. The study of the energy efficiency for the RC, see Table II , was initiated in [5] assuming additive white Gaussian noise (AWGN) and constant channels gains. Given that the capacity of the RC is not known, the maximum RPE was found for the capacity lower bound obtained with decode and forward (DF) and the upper bound given by the cut set bound (CB) in [7] . Two scenarios were addressed: i) A FD relay with simultaneous synchronous transmissions from the source and the relay. ii) A HD relay with a orthogonal channel access from the source and the relay. This work was extended in [6] to ergodic fading channels. In this case, the study of the slope was also addressed. The same two scenarios were considered. For the FD case i), the slope was only computed for asynchronous transmissions. This case was shown to be optimal whenever the channels from the source and/or the relay to the destination do not have a constant component. These works have been extended to other forwarding protocols: the amplify and forward scheme was studied in [8] , side-information and linear relaying strategies were studied in [9] .
Contributions. We restrict our study to DF and CB bounds on the capacity of the RC with constant channels. Previous results are extended in two main directions, see Table II: • For the HD case, we study the capacity bounds presented in [10] , which improve those studied in [5] and [6] , by letting the source and the relay to transmit simultaneously.
• In previous works, the power allocation was restricted to be a linear function of the sum power, also the time intervals were fixed. We remove these constraints.
1536-1276/10$25.00 c ⃝ 2010 IEEE The remainder of the paper is organized as follows. The channel model is presented in Section II. The rate lower bounds with DF and upper bounds with the CB for relays in HD or FD modes are presented in a unified manner in Section III. In Section IV, the study of the energy efficient regime is formulated and solved for the FD scenario. For the HD scenario, the maximum RPE is studied in Section V and the slope in Section VI. In Section VII, we discuss the gains associated with the different capabilities at terminal. Finally, conclusions are drawn in Section VIII.
II. CHANNEL MODEL
Consider the AWGN relay channel depicted in Fig. 1 . In HD mode the channel degrees of freedom (time/bandwidth) must be assigned among nodes. Without loss of generality, we consider a fixed bandwidth and assign the transmission time. The transmission period is divided into two intervals. The source transmits to the relay and destination in the first interval = 1 while, in the second interval = 2, both (HD case) or only the relay (OT case) transmit to the destination. In FD mode, there is only one transmission interval and the index is dropped. The received signals during the interval at the relay 2 and at the destination 0 are given by
We assume, without claim of optimality, that the signals transmitted by the source 1 and the relay 2 are Gaussian distributed with zero mean and power 1 , 2 , respectively. The noise processes at the relay 2 and at the destination 0 are independent white Gaussian, each one with zero mean and power 0 = 1. The channel gain from the source = 1 to the relay = 2 is denoted by 12 , from the source to destination by 1 , and from the relay to destination by 2 . Each transmission uses a fraction out of the total transmission period , with ∑ ∈{1,2} = 1. The power allocated to node during the interval is denoted as = .
III. RELAY CHANNEL CAPACITY BOUNDS
In this work, we consider DF for rate lower bounds and the CB for rate upper bounds. Depending on the duplexing capability, the transmissions involved are detailed below:
The full duplex relay: The capacity bounds obtained with CB and DF can be found in [7, Theorem 5] 1 . Out of the total .
The half duplex relay:
The capacity bounds obtained with the CB and DF can be found in [10] 2 . The communication time is divided into two fractions 1 and 2 . During the first interval, the source dedicates the power 11 = 1 11 to transmit alone, and thus asynchronously, the signal 11 with power 11 . In the second interval, the relay dedicates the power 22 = 2 22 to transmit the signal 22 with power 22 . Meanwhile, the source dedicates the power 12 = 12 + 12 to transmit, simultaneously, an asynchronous signal 12 with power 12 and a coherent signal 12 = √ . If only asynchronous transmissions are possible, then 12 = 0. In addition, if the channel access between the source and the relay is orthogonal, then 12 = 0.
The capacity bounds with DF/CB for HD/FD modes and synchronous/asynchronous transmissions can be written in a unified manner as a function of the resource vectors , E as
with
Considerˆ1 2 = 12 for DF andˆ1 2 = 12 + 1 for CB. For the FD mode, the power vector is
] , = {1, 0} and the functions , ∈ {1, 2}, = 1 are given by
For the HD mode, the power vector is
, the time-sharing factors are = [ 1 , 2 ] and the functions , ∈ {1, 2} are given by
12 (E) = 1 11 , (5c)
IV. THE ENERGY EFFICIENCY ANALYSIS We use the low power analysis developed in [2] to study the spectral efficiency R of the RC in the energy efficient regime. We define the network energy per bit as
where is the sum power
and ( )
The notation used here and the notation used in [10] are related as 12 =
1 , 12 = (1 − ) is the spectral efficiency in bits as a function of . In the low power regime, R in (bits/s/Hz/3dB) at
, where˙(0) and¨(0) are the first and second order derivative of ( ) in nats at = 0. Then, the spectral efficiency can be approximated as [2] 
To compute and , for the RC we need first to obtain the rate * ( ) by maximizing ( , E) in (2) for all while fulfilling the resource allocation constraints as * ( ) = max
( , E) (7a)
where [x] denotes the -th element in the vector x.
The full duplex relay: In this case, the problem in (7) can be solved in close form as [11] 
withˆ2 = 2 + 1 for synchronous andˆ2 = 2 for asynchronous transmissions. Then,˙ * (0) = ,¨ * (0) = ( ) 2 and the maximum RPE is = and the slope is = 2. The half duplex relay: In this case, we are unable to find explicitly the pair ( , E) that maximizes the rate in (7) for all . Instead, in the following we introduce the notation used in the next sections to compute the first and second order derivatives of * ( ) at = 0:
• ( ) and E ( ) are differentiable functions of . At = 0, we define t ≜ (0), the first order derivativeṡ t ≜˙(0),ė ≜Ė (0) and the second order derivativë e ≜Ė (0).
• After substituting the resource functions ( ) and E ( ) into (2), (3) and (5), we define
, and ( ) ≜ (E ( )).
V. MAXIMUM RATE PER ENERGY
For the HD relay channel, the bounds on the maximum RPE with DF and the CB were first studied in [5] and [6] . The HD limitation was introduced by forcing the channel access from the source and the relay to the destination to be orthogonal or, equivalently, forcing 12 = 0 and 12 = 0 in (7). Since simultaneous transmission were not allowed only the asynchronous case was solved. For asynchronous transmissions, no further gains are expected by studying the enhanced bounds in (7), since the maximum RPE bounds obtained using the orthogonal channel access coincide with the ones for a relay in FD mode. For synchronous transmission, we show in the next theorem that the rate bounds in (7) for HD nodes can also attain the bounds on the maximum RPE obtained with a relay in FD mode.
Theorem 1: For the relay channel with synchronous or asynchronous transmissions, the bounds on the maximum RPE using DF for the lower bounds and the CB for the upper bounds, with a HD relay ( ) or with a FD relay ( ) satisfy = = with in (9). Proof: First, 22 (E) in (5) and thus, 22 (E) = 1 12 +ˆ2 withˆ2 = 1 + 2 for synchronous andˆ2 = 2 for asynchronous transmissions. Consider, now, the computation of the maximum RPE as =˙ * (0). Employing the notation introduced in the previous section, the rate limits 1 ( ) and 2 ( ), in order to satisfy the sum and positive power conditions in (7c), must coincide at = 0, namely 
The functions˙(0) depend only onė, namely˙(ė). Consequently,˙ * (0) can be found aṡ * (0) = maẋ
The constraints (11b) onė are forced by the sum power and positive power constraints in (7c). Substituting (10) into (11) 
VI. SLOPE OF THE SPECTRAL EFFICIENCY
The study of the maximum RPE has not revealed the potential gain of FD capabilities at the relays. The same maximum RPE is obtained with a HD relay. Moreover, obtaining the maximum RPE is possible even without optimizing the timesharing factors and considering a linear dependence of the power vector on the sum power, i.e. E ( ) =ė . Thus, we turn our attention to the analysis of the slope of the spectral efficiency. The study of the slope with a HD relay was first addressed in [6] for ergodic fading channels, assuming orthogonal transmissions. The slope was only obtained for the asynchronous case and the power allocation was restricted to be linear in . For the particular case of constant channels, we solve the synchronous case and also show that the slope can be enhanced by removing the linear power allocation assumption. The next theorem summarizes the obtained results.
Theorem 2: For HD nodes, the slope is given by = 2 ifˆ2 < 1 orˆ1 2 < 1 (direct transmission is better), otherwise
. (13) However, if the power allocation is restricted to be linear in , but the time-sharing vector is optimally assigned, the slope is
. Instead, if the power is optimally allocated by the time-sharing factors are fixed
Finally, if, both, the power is restricted to be linear in and the time-sharing factors are fixed, the slope decreases to , = 1. Note that, in all these cases, the maximum RPE is unchanged.
Proof: The slope of the spectral efficiency is computed as
−¨ * (0)
. The first-order derivative˙ * (0) was computed in the previous section. After solving (11), both rate limits increase equally,˙ * (0) =˙1 (0) =˙2 (0). Thus,¨(0) can be computed as¨(0) = min ∈{1,2}¨( 0). The second-order derivatives of the rate limits ( ) at = 0 with ( ) in (5) and˙ * , (0) given in (12) read
The functions¨(0) depend only onë and t, namelÿ (ë, t). Then,¨ * (0) can be bound as * (0) = maẍ
The constraints on t in (16b) are forced by the constraints in (7b). The sum power constraint onë in (16c) is forced by the sum power constraint in (7c). Finally, the positive constraint on e in (16c) is due to the positive power constraint in (7c). Notice
Consequently, the positive power constraint
To solve (16), we consider two cases:
• ifˆ1 2 ≤ 1 orˆ2 ≤ 1 , after substituting˙ * , (0) in (12) and including the sum power constraint as¨1 2 = − (¨1 1 +¨) into (15), we geẗ
The positive power constraints forces¨1 1 ,¨≥ 0, and 1 and¨2 are maximized at¨ * 11 =¨ * = 0 and *
into (15), we geẗ
First, we assume t constant and maximize min(¨1 ,¨2 ) over¨1 1 and¨1 2 . Notice that¨1 increases linearly witḧ 11 and¨1 2 whereas¨2 decreases linearly with both¨1 1 and¨1 2 . Consequently, min(¨1 ,¨2 ) is maximized in the equality of (18a) and (18b) aẗ 
VII. DISCUSSIONS AND SIMULATIONS
For simulations, we consider distance dependent channel gains with a pathloss exponent = 2 and 1 = 1. The source and the destination are located in a plane at coordinates (0,0) and (0,1), respectively. First, we investigate the gap between the low power approximation and the exact spectral efficiency curve. The spectral efficiency can be approximated as (6), the exact R is here obtained by exhaustive search of the optimal resources allocation. In Fig. 2 , we show the spectral efficiency curves for DF with asynchronous transmissions. As pointed out also in [6] , if the spectral efficiency is less than 0.3 b/s/Hz the gap between the approximate and exact curves is small in all the studied cases.
Next, we study the impact on the energy efficiency of the terminal capabilities considered:
The channel access. By forcing the source and the relay transmissions to be orthogonal, neither the synchronism nor the full duplex capabilities are used. However, we have seen that if asynchronous and HD transmissions are assumed, then the orthogonal channel access is optimal in terms of both, the maximum RPE and the slope. This result is verified in Fig. 2 .
Synchronism. This gain is observed computing the maximum RPE. We have found that this metric is independent of the duplexing capability at the relay. In Fig. 3 , we depict the maximum RPE with DF and the CB, for asynchronous and synchronous transmissions as a function of the source to relay position ( , 0). We observe that synchronism provides important gains if the relay is near to the source, even if the relay is farther than the source from the destination (negative axes). However, synchronism provides negligible gains if the relay is near to the destination.
Duplexing. This gain is observed computing the slope of the spectral efficiency ( ). This metric determines the bandwidth [2] . For FD nodes with DF or the CB, the slope is always = 2 regardless of the synchronism capability or the relay position. For HD nodes, in Fig. 4 we depict the slope obtained with DF and asynchronous transmissions as a function of the relay position ( , 0). We can see that, if the relay is near to the middle point between the source and the destination, the HD mode requires approximately ( − × 100 = 50%) more of the minimum bandwidth needed with a FD relay for the same rate and transmitted power.
Resource allocation. The performance losses incurred by the suboptimal resource considered in Thm. 2 are studied in terms of the slope in Fig. 4 . It is shown that fixing 1 = 2 = 1 2 is a good solution only if the relay is in the middle point between the source and the destination. Likewise, the linear power allocation is a good solution if the relay is near to the destination. However, all the suboptimal resource allocation solutions fail if the relay is near to the source. As an example, at = 0 the linear power assumption taken in [6] requires (100%) more bandwidth.
VIII. CONCLUSIONS
In this work, we studied the energy efficient regime for the relay channel. In particular, we considered the rate bounds given by decode and forward and the cut set upper-bound. The low power analysis tools were applied to investigate the gains provided by synchronism, duplexing and superposition channel access capabilities at the cooperative terminals. We showed that synchronous transmissions are necessary to obtain the maximum RPE but can be achieved with a relay in FD or in HD mode. Furthermore, we showed that for asynchronous transmissions, the orthogonal channel access is sufficient to obtain the maximum RPE. The suboptimality of the orthogonal channel access and the HD mode was determined computing the slope of the spectral efficiency.
